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Abstract
We analyze numerically some macroscopic models of pedestrian motion to compare their capabilities of reproducing characteristic
features of crowd behavior, such as travel times minimization and crowded zones avoidance, as well as complex dynamics like
stop-and-go waves and clogging at bottlenecks. We compare Hughes’ model with diﬀerent running costs, a variant with local de-
pendency on the density gradient proposed in Xia et al. (2009), and a second order model derived from the Payne-Whitham traﬃc
model which has ﬁrst been analyzed in Jiang et al. (2010). In particular, our study shows that ﬁrst order models are incapable of
reproducing stop-and-go waves and blocking at exits.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of PED2014.
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1. Introduction
Macroscopic models of pedestrian ﬂows see the crowd as a continuummedium characterized by averaged quantities
such as density and mean velocity. Like their corresponding vehicular traﬃc models, they consist of partial diﬀerential
equations derived from ﬂuid dynamics and accounting for mass conservation and eventually a momentum balance
equation. Macroscopic road traﬃc models have been introduced in the ﬁfties by Lighthill and Whitham (1955) and
Richards (1956) and are nowadays well established both from the mathematical point of view and the engineering
applications. These models have been applied to pedestrian ﬂows only recently, starting from Hughes (2002), who
deﬁned the crowd as a “thinking ﬂuid” and introduced a model coupling a scalar conservation law relying on mass
conservation with an eikonal equation describing the direction of motion based on the density distribution in the
domain. The literature has known a fast development since, and currently includes gas dynamics equations (Bellomo
and Dogbe´ (2008); Jiang et al. (2010)), gradient ﬂow methods (Maury et al. (2010)), non linear conservation laws
with non classical shocks (Colombo and Rosini (2005)), non-local ﬂows (Colombo et al. (2012)) and time evolving
measures (Piccoli and Tosin (2009)). All these models have been studied from the analytical and numerical points
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of view, with an accent on the characteristic features of the solutions and their capability of reproducing observed
phenomena. Yet, to our knowledge, a rigorous validation against real data has not been performed.
The scope of this paper is to compare numerically some macroscopic models found in the literature. In particular,
we are interested in studying three variants of Hughes’ model, based on three distinct choices of the velocity vector
ﬁeld that result in diﬀerent accounts of pedestrians distribution in the domain, see El-Khatib et al. (2013) for a similar
study. This could model crowds behaving more or less nervously, as panic states are often characterized by phenomena
like “freezing by heating” and “ignorance of available exits”, see Helbing et al. (2002). We will also consider a
second order model derived from the Payne (1971) and Whitham (1974) model for vehicular traﬃc and recently
adapted to pedestrian movements by Jiang et al. (2010). It consists of a 2×2 system coupling the mass conservation law
with a momentum balance equation accounting for relaxation towards the desired velocity and an “internal pressure”
term modeling repealing forces between individuals. As observed by the authors in Twarogowska et al. (2014), this
model presents interesting features compared to ﬁrst order models, such as the presence of stop-and-go waves and
blocking phenomena at bottlenecks, that can be solved by the presence of obstacles before the exits. In particular,
this model is a good candidate to describe the so-called Braess’ paradox, in which the presence of obstacles indeed
improves the outﬂow and reduces the evacuation time, see again Helbing et al. (2002).
The simulations presented in this paper are run on two dimensional, continuous walking domains with impene-
trable walls and exits as pedestrians’ destination. Previous results on Hughes’ model concern simulations of ﬂow of
pedestrians on a large platform with an obstacle in its interior, see Huang et al. (2009); Jiang et al. (2011). In the
case of the second order model, Jiang et al. Jiang et al. (2010) considered the same domain and showed numerically
the formation of stop-and-go waves. On the contrary, we are interested in analyzing evacuation situations. Indeed,
this problem is an important safety issue because high pedestrians concentrations can build up in front of the exit,
which can slow down the outﬂow and eventually result in major accidents due to the pressure in the crowd. Some
experimental studies have been conducted in this direction, see Kretz et al. (2006); Seyfried et al. (2009); Hoogen-
doorn and Daamen (2005), but they face diﬃculties in reproducing realistic panic behavior. Numerical simulations
are mainly available in the microscopic framework, see Helbing et al. (2000); Helbing and Johansson (2009); Helbing
et al. (2005).
Numerical simulations are based on ﬁrst order ﬁnite volume methods on unstructured triangular meshes, coupled
with a ﬁnite element method for solving the eikonal equation. The resulting numerical schemes have been extensively
analyzed by the authors in Twarogowska et al. (2013). Similar and higher order methods for macroscopic models of
pedestrian ﬂows have been previously developed by Huang et al. (2009) and Xia et al. (2008, 2009).
The paper is organized as follows. Section 2 describes the four macroscopic models that are subject to investigation.
In Section 3 we describe the numerical schemes used for running simulations. Numerical tests are illustrated in
Section 4 and conclusions are deferred to Section 5.
2. Macroscopic models
We consider a two dimensional connected domain Ω ⊂ R2 corresponding to some walking facility equipped with
one or more exits. The boundary of the domain ∂Ω = Γo ∪ Γw consists of the outﬂow boundary denoted by Γo and the
walls Γw. Macroscopic models derived from ﬂuid dynamics consist of the mass conservation equation
∂tρ + divx
(
ρv
)
= 0, t > 0, x ∈ Ω, (1)
where ρ = ρ(t, x) is the pedestrian density and v = v(t, x) ∈ R2 is the mean velocity. The equation is closed either
by a phenomenological relation that deﬁnes the vector ﬁeld v = V(ρ)μ in the so-called ﬁrst-order models, or by an
additional momentum balance equation that accounts for acceleration in second-order models.
The speed function V(ρ) : [0, ρmax] → R+ is assumed to be decreasing, see Buchmueller and Weidmann (2006).
For our simulations we choose the exponential dependence
V(ρ) = vmaxe
−α
(
ρ
ρmax
)2
, (2)
where vmax is the free ﬂow speed, ρmax is the congestion density and α is a positive constant.
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Following Hughes (2002), the desired direction vector ﬁeld μ is often deﬁned though the gradient of a scalar
potential φ
μ = − ∇φ‖∇φ‖ . (3)
The function φ is the solution of an eikonal equation which accounts for the instantaneous minimum travel cost. It is
given by{ ‖∇φ‖ = c(t, x) for t > 0, x ∈ Ω,
φ = 0 for x ∈ Γo. (4)
Above, the running cost c = c(t, x) ∈ [1,+∞[ represents the cost of passing at point x at time t. In particular, taking
c(t, x) ≡ 1, (5)
the solution of (4) is φ(x) = dist(x, Γo), the distance of point x to the target Γo in the case of convex domains.
Conversely, taking c = c(ρ(t, x)) as an increasing function of the density, the resulting vector ﬁeld −∇φ/‖∇φ‖ “avoids”
high density regions. This is the case of Hughes’ model, where
c(t, x) = 1/V(ρ(t, x)). (6)
The above choice implies that pedestrians have a knowledge of the density distribution in the whole domain at each
time instant, and use this to estimate their travel time. This assumption is unrealistic in extended domains, where the
restricted visibility of individuals makes the overview of the whole area impossible. For this reason, Xia et al. (2009)
introduced a model with memory eﬀect, in which pedestrians aim at following the shortest path to the destination
based on the memory of its location, and temper their behavior locally to avoid high densities. This leads to deﬁne
μ =
−∇φ − ω∇[V(ρ)−1 + g(ρ)]∥∥∥−∇φ − ω∇[V(ρ)−1 + g(ρ)]∥∥∥ , (7)
where φ solves (4)-(5), ω > 0 is a parameter expressing the psychological repulsion and g(ρ) = βρ2 is a discomfort
ﬁeld function depending on a parameter β > 0 that accounts for the sensitivity of pedestrians to comfort level.
Second order models, which are quite common for vehicular traﬃc, see for example Aw and Rascle (2000) and
Blandin et al. (2011), have been adapted to crowd models in Jiang et al. (2010). They consider the Payne (1971) and
Whitham (1974) model, which couples the mass conservation equation (1) with the following momentum balance
∂t(ρv) + divx(ρv ⊗ v) = 1
τ
ρ
(
V(ρ)μ − v) − ∇P(ρ). (8)
Above, the parameter τ is a relaxation time at which pedestrians adapt their current velocityv to the desired one V(ρ)μ,
whose direction μ is given by (3)-(4)-(5). The second term in the right hand side of (8) is a repulsive force modeling
the volume ﬁlling eﬀect and is given by the power law for isentropic gases
P(ρ) = p0ργ, p0 > 0, γ > 1. (9)
3. Numerical schemes
To discretize the models described in the previous section, we use ﬁnite volume schemes for equations (1) and (8),
and a ﬁnite element method based on the variational principle to solve the eikonal equation (4). Both schemes are
developed on unstructured triangular meshes.
3.1. Finite volume schemes for the macroscopic models
We decompose the domain Ω into N non overlapping, ﬁnite volume cells Ci, i = 1, ...,N, given by dual cells
centered at vertices of the triangular mesh. For each cellCi we consider a set of Ni neighbouring cellsCi j, j = 1, ...,Ni.
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By ei j we denote the face between Ci and Ci j, |ei j| its length and ni j is a unit vector pointing from the center of the cell
Ci towards the center of the cell Ci j. The solution U on a cell Ci is approximated by the cell average of the solution at
time t > 0, that is
Ui =
1
|Ci|
∫
Ci
U(x, t) dx.
The numerical approximation at cell Ci of the solution to the mass conservation equation (1) ρi is obtained using
Lax-Friedrichs scheme
ρn+1i = ρ
n
i −
Δt
|Ci|
Ni∑
j=1
|ei j|F (ρni , ρnj , ni j), whith F
(
ρi, ρ j, ni j
)
=
1
2
[
G(ρi) · ni j +G(ρ j) · ni j − ξ(ρ j − ρi)
]
,(10)
where G(ρ) = ρV(ρ)μ and the numerical viscosity coeﬃcient ξ is given by
ξ = max
l=i, j
∣∣∣∣∣ ddρG(ρl)
∣∣∣∣∣ = maxl=i, j
∣∣∣∣∣ ddρ
(
ρlV(ρl)μl(ρ)
)∣∣∣∣∣ = maxl=i, j
∣∣∣∣∣ ddρ (ρlV(ρl))
∣∣∣∣∣ .
Stability is achieved under the CFL condition Δt < mini=1,...,N diameter(Ci)/vmax.
The second order model (1)-(8) can be put in the form
∂tU + divx F(U) = S (U), (11)
where U = (ρ, ρv)T denotes the unknowns vector and
F(U) =
(
Fρ
Fρv
)
=
(
ρv
ρv ⊗ v + P(ρ)
)
, S (U) =
(
0
1
τ
ρ
(
V(ρ)μ − v)
)
.
The homogeneous part of the model (11) coincides with the isentropic gas dynamics system for which many solvers
are available, see Toro (2009). However, the occurrence of vacuum may cause instabilities and not all the schemes
preserve non-negativity of the density. We use the ﬁrst order HLL approximate Riemann solver of Harten et al.
(1983). It assumes that the solution consists of three constant states separated by two waves with speeds σL and σR
corresponding respectively to the slowest and fastest signal speeds. It preserves non-negativity of the density under
certain conditions on the above numerical wave speeds, see Einfeldt et al. (1991).
Due to the coupling with the eikonal equation (4), we apply explicit time integration to (11), resulting in a splitting
between the transport and the source terms
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
U∗i = U
n
i −
Δt
|Ci|
Ni∑
j=1
|ei j|F (Uni ,Unj , ni j),
Un+1i = U
∗
i + ΔtS (U
∗
i ).
(12)
The stability of the scheme is assured by the CFL condition Δt < mini=1,...,N diameter(Ci)/σi, where σi is the maximal
value of the characteristic wave speed of the homogeneous part of the system (11) and is given by
σi = max
j=1,...,Ni
(vi · ni j) +
√
P′(ρi).
3.2. Eikonal equation
To obtain the solution at time step tn+1 we need to compute the direction vector μ deﬁned by (3). It means that
we have to solve the eikonal equation (4) and compute the gradient of its solution. We implement the Bornemann
and Rasch (2006) algorithm, which is a ﬁnite element scheme and thus easier to implement on unstructured triangular
meshes with respect to other methods available in the literature. It is a linear, ﬁnite element discretization based on the
solution to a simpliﬁed, localized Dirichlet problem solved by the variational principle (for details see Twarogowska
et al. (2013)).
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Once computed the potential approximations φi at each node of the mesh, we calculate its gradient using the nodal
P1 Galerkin gradient method. It is related to cell Ci and is computed by averaging the gradients of all triangles having
node i as a vertex. In two dimensions it has the form
∇φi = 1|Ci|
∑
Ti j∈Ci
|Ti j|
3
∑
k∈Ti j
φk∇Pk |Ti j , (13)
where Ti j are ﬁnite elements with the considered node i as a vertex, k counts for vertices of Ti j and Pk |Ti j is a P1 basis
function associated with vertex k.
3.3. Boundary conditions
We set the outﬂow boundary Γo far from the exit of the room through which pedestrians move, so that the outﬂow
rate doesn’t inﬂuence the ﬂow through the door. On the walls, we impose free-slip boundary conditions
v · n = 0, ∂ρ
∂n
= 0 at Γw. (14)
For the ﬁrst order models (1), boundary conditions are imposed by deﬁning directly the ﬂuxes at boundary facets.
More precisely, we set
F =
{
0 at Γw
ρmaxV(ρmax) at Γo
. (15)
For the second order model (1)-(8), we extend the domain deﬁning ghost states given by
ρg = ρi, vg = vi − 2(vi · n)n (16)
at wall boundary Γw and
ρg = 0.1 ρmax, vg = vmaxn (17)
for the outﬂow Γo.
3.4. Initial conditions
In our simulations we consider initial conditions of the form
ρ0(x) =
{
ρ¯ in Ω0
0 elsewhere , v0(x) = 0, (18)
where ρ¯ is a positive constant and Ω0 is an area inside the evacuation domain Ω.
4. Numerical tests
In this section we present the result of some numerical simulations of evacuation dynamics of pedestrians from
a corridor and a room. In particular, we are interested in comparing the various models described in Section 2. We
will see that ﬁrst order models cannot reproduce complex dynamics such as the formation of stop-and-go waves and
clogging at bottlenecks. On the other hand, the second order model (1)-(8) shows interesting behavior in the pres-
ence of obstacles in front of exits, that could regularize the ﬂow, decrease the inter-pedestrian pressure and facilitate
evacuation.
In the following numerical simulations we have used the choices for the parameters listed in Table 1. Maximal
velocity vmax, maximal density ρmax and the response time τ are chosen from the available literature on experimental
studies of pedestrian behavior (see Buchmueller and Weidmann (2006); Seyfried et al. (2006)). The values of some
of the parameters of the second order model (1)-(8), such as p0, γ, α to authors’ knowledge do not have a direct
correspondence with the microscopic characteristics of pedestrian motion.
We use the following functionals and corresponding discrete versions to evaluate the models performances:
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Table 1. Parameters values used in the numerical simulations
Parameter name Symbol Value Units
desired speed vmax 2 m/s
relaxation time τ 0.61 s
maximal density ρmax 6 − 10 ped/m2
pressure coeﬃcient p0 0.005 ped1−γ · m2+γ/s2
adiabatic exponent γ 2 -
density-speed coeﬃcient α 7.5 -
• Total mass of pedestrians inside the evacuation domain
M(t) =
∫
Ω
ρ(x, t)dx, Mn =
N∑
i=1
ρni |Ci|. (19)
Conﬁguration at t = 0
a) First order model (1)-(4)-(5)
b) First order model (1)-(4)-(6)
c) First order model (1)-(7)
d) Second order model (1)-(8)
Fig. 1. Initial density at t = 0s (top) and density evolutions corresponding to the models described in Section 2 at times t = 20s, 40s, 60s, 80s.
4.1. Test 1: corridor evacuation with two exits
We consider a corridor 100m × 20m with two 1.2m wide exits centered symmetrically at x = 67m and x = 93m.
The initial density is ρ0 = 3ped/m2 in the region [0m, 50m] × [6m, 26m] and zero elsewhere, see Fig. 1. The maximal
density value is set ρmax = 10 in these tests.
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Fig. 1 shows the densities corresponding to the four models described in Section 2 at times t = 20s, 40s, 60s, 80s.
As expected, the ﬁrst order model (1)-(4)-(5), representing people following the shortest path, neglects the second
exit, thus resulting in a much longer evacuation time, see Fig. 1a. All the other models, instead, distribute the mass
among the two exits, resulting in lower density values and better evacuation ﬂows. In particular, the second order
model (1)-(8) displays interesting features such as the formation of stop-and-go waves and arcs near the exits, due to
strong interactions between individuals, measured by the the parameter p0, see Twarogowska et al. (2014) for further
details abut the role of the pressure parameter and the backward propagation of stop-and-go waves.
4.2. Test 2: room evacuation with obstacle
We consider a room represented by the domain Ω = [0m, 10m]× [0m, 6m] with an exit of width L = 1.6m centered
at (x, y) = (10m, 3m). The initial density ρ(0, x) is set equal to ρ0 = 3ped/m2 in the region [1m, 5m] × [1m, 5m], and
zero elsewhere. We are interested in measuring the eﬀect of the presence of a circular column of radius r = 0.5m
centered at (x, y) = (8.5m, 3.2m), see Fig. 2, top. The maximal density value is here taken ρmax = 6.
Conﬁguration at t = 0
a) First order model (1)-(4)-(5)
b) First order model (1)-(4)-(6)
c) First order model (1)-(7)
d) Second order model (1)-(8)
Fig. 2. Initial density at t = 0s (top) and density evolutions corresponding to the models described in Section 2 at times t = 2s, 5s, 8s, 11s.
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We run simulations for the models presented in Section 2. The density evolution is depicted in Fig. 2 at times
t = 2s, 5s, 8s and 11s, showing the diﬀerences in the corresponding motion. In particular, the ﬁrst order model
shows greater density values behind the column and at the exit corners, corresponding to pedestrians that do not adapt
their trajectory to the presence of other people and resulting in longer evacuation times, see Fig. 3. On the other hand,
Hughes’ model (Fig. 2b) displays greater diﬀusion and lower densities, even compared to the dynamic model with
memory eﬀect (7) in Fig. 2c, which has an intermediate behavior between (1)-(4)-(5) and (1)-(4)-(6).
The behavior displayed by the second order model (1)-(8) is quite diﬀerent. First of all, we can observe the
formation of stop-and-go waves even far from the exit, and arcs formation between the exit and the column, see
Fig. 2d. Moreover, the total mass (19) time evolution depicted in Fig. 3, right, shows that the outﬂow is slowed down
twice, but the presence of the column has a regularizing eﬀect and slightly decreases the ﬁnal evacuation time. In any
case, the evacuation time is much longer than the one given by ﬁrst order models (Fig. 3, left).
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Fig. 3. Total mass (19) evolution corresponding to the simulations depicted in Fig. 2. Left: ﬁrst order models with column. Right: second order
model with and without column.
5. Conclusions
The tests presented in this paper show that the macroscopic approach to pedestrian ﬂow modeling can capture a
variety of aspects that characterize crowd behavior. In this sense, macroscopic models are easily adaptable to various
situations and circumstances by simply changing the running cost in (4) accordingly. More complex behaviors like
stop-and-go waves and clogging at bottlenecks can be simulated using the second order model (1)-(8).
Possible directions of future research include the use of diﬀerent vector ﬁelds for the desired velocity direction μ in
the second order model, obtained for example using (5) or (7), and comparison with the non-local models introduced
by Colombo et al. (2012) and Colombo and Le´cureux-Mercier (2012). Finally, all these models need to be calibrated
and validated on real data.
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